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Abst rac t - -A  finite-difference scheme for the diffusion equation that has enjoyed great popularity 
is the Crank-Nicolson scheme [1] based on the classical trapezoidal formula for integration i  time. 
For problems with discontinuities in the boundary conditions and the initial conditions, the Crank- 
Nicolson scheme can give unwanted oscillations in the computed solution. We present an alternative 
scheme based on the extended trapezoidal formula for integration i  time. The resulting Extended 
Trapezoidal Formula Finite Difference Scheme (ETF-FDS) is third order in time, unconditionally sta- 
ble and, unlike the Crank-Nicolson scheme, ETF-FDS can cope with discontinuities in the boundary 
conditions and the initial conditions as demonstrated bythe numerical examples considered. (~) 1999 
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. 
We consider the diffusion equation 
Ou 02u 
Ot -v'g~z2' 
subject  to the init ial  condit ion 
INTRODUCTION 
O<x<~,  t>Oi  (1.1) 
u(x,  O) = f (x ) ,  0 < x < g, (1.1a) 
and the Dir ichlet boundary  condit ions 
u(O,t) = a(t),  u(e , t )  = b(t), t >_ O. (1.1b) 
For a posit ive integer N ,  we consider the rectangular  grid (xi, t j ) ,  xi  = ih, i = 0(1)N+ 1, tj = jk ,  
with spat ia l  increment h = ~/ (N  + 1) and tempora l  increment k > 0. In the following, we set 
r = vk /h  2, a~d let ui,j = u (x i , t j ) ,  etc. 
For the numerical  integrat ion of (1.1), a scheme which has enjoyed great  popular i ty  is that  
of [1], 
--FUi-I, j+I ÷ (2 ÷ 2r)ui , j+l -- rui+l, j+l  = ru i - l , j  ÷ (2 -- 2r)ui, j  ÷ rui+l, j .  (1.2) 
The Crank-Nicolson scheme is uncondit ional ly stable for all r > 0. It  is pert inent  o note here 
that  the Crank-Nicolson scheme is based on the classical t rapezoidal  formula for integrat ion 
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in time; the trapezoidal formula is known to be A-stable, but not L-stable. However, it has 
been noticed that the Crank-Nicolson approximation can produce unwanted oscillations in the 
computed solution near the boundary when there are inconsistencies in the boundary conditions 
and the initial conditions; see [2-4]. 
In this paper, we present a new finite-difference scheme for the diffusion equation based on 
the extended trapezoidal formula (see Appendix) for integration in time. The resulting extended 
trapezoidal formula finite-difference scheme (ETF-FDS) is third order in time and unconditionally 
stable. Unlike the Crank-Nicolson scheme, our present ETF-FDS can cope with discontinuities 
in the boundary conditions and the initial conditions as demonstrated bythe numerical examples 
considered. 
2. EXTENDED TRAPEZOIDAL  FORMULA 
F IN ITE-D IFFERENCE SCHEME (ETF-FDS)  
Discretizing the spatial derivative in (1.1) by the central difference formula, we obtain 
~t v u(x{, t) = ~--{[u(xi-1, t) - 2u(x~, t) + u(xi+l, t)], i= I (1 )N .  (2.1) 
Let 
u(xl,t) 
u(t) = 
~(zN,t) 
J = 
2 -1  
-1 2 -1 
-1 2 
then, using the boundary conditions, we can write the system (2.1) as 
¢(t) = 
L b(t) 1 
~__ v 
u(t) = ~-{  [c(t) - Ju(t)], (2.2) 
with the initial condition u(0) = [ f (x J , . . . ,  f(XN)] T. Note, that for large N, the initial-value 
problem (2.2) is intrinsically stiff. For adaptivity of the spatial mesh and its impact on the 
efficiency and accuracy of the solution process, see the recent work of Berzins et al. [5], and the 
references given therein. 
Now, applying the extended trapezoidal formula (ETF) (see Appendix, equation (A.3)) to (2.2), 
setting uj = u(tj), (ut)j = °u( t j ) ,  etc., we have 
and " 
fij+2 = uj + 2r(cj+l - JUj+l), 
r Ju j )  + 8(c j+1 Ju i+ l )  - ( c j+2 J f i j+2) ] ,  u j+ l  = u j  + ~ [5(c¢ - - - 
(2.3) 
(2.4) 
Substituting for fij+2 in (2.4), we obtain 
( i+2_~rj  + l r2 j2  ) Uj+l = ( I -3 r J  ) uj + r [hcj + 2(4I + -cj+2], (2.5) 
(I denotes identity matrix). We call (2.5) an extended trapezoidal formula finite-difference scheme 
(ETF-FDS) for the diffusion equation (1.1). Note that the coefficient matrix in (2.5) is pentadi- 
agonal. 
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2.1. Loca l  T runcat ion  Er ror  
To obtain the local truncation error of the ETF-FDS (2.5), we first express the method in 
terms of finite-differences. With di x denoting the usual central-difference operator, we have 
kv 2 
~2i,j+2 = ui,j + 2~-ff6~ui,j+l, (2.6) 
and then the extended trapezoidal discretization for the differential equation in (1.1) is given by 
v 2 
k (Ui,j+l - ui,j) = 1-~6x[5Ui,j q- 8ui,j+l - ?~/,j+2]. (2.7) 
Substituting for ~2i,j+2 from (2.6) in (2.7), our present extended trapezoidal formula finite- 
difference scheme ETF-FDS is described by 
~(Ui'j'4-1--Ui'j) = V~2 [2Ui'j ~- ( 4- ky-2' -~x) • (2.8) 
Now, with E + denoting the forward shift operator, the finite-difference operator defining our 
present method (2.8) is given by 
1 + v 2 [2+(4_kv_2 \E+ 1 L = ~(E  t - 1 / - ~-~6~ • \ J -hTbX)  . (2.9) 
We obtain local truncation error for the operator L. For this purpose, let Dx = d ,  etc., and 
note that Dt = vD2x. Since 
1 2= Dx2 + hZD4 + h4 D6 +. . .  
h 2~ 12 x 360 x 
we obtain 
kv 2\ 2+ 4-  -~6z)  E + = 6 + 3kDt + k2D~ + -l k3r)3 - 1. kh2DtD~ - --~l 2h2DtDx2 +. . .  6 ~t lZ L k ' 
then 
V [ ( kv-2\  ] __  1 2 1 2 3 1---k3D4 Zt '2n  n2 
6 k Dt 36 t 12,,, ~t~ 6h26~ 2+ 4-  -~-ffbx) E + = Dt + skDt  +-  + + 
_[_ l__l_~4DD4+ 1 2 2 2+ 
360,,, t ~ 3--~kh DtDx " " ,  
and finally, we obtain 
= --~2k3D4t---.l^h2DtD2- 1---kh2r)2r)2 1----~'an D 4 +. . .  (2.10) L 
12 36 " - ' t~z -  360 '~ ~t x • 
It follows that the order of our present ETF-FDS is O(h 2) q- O(k3), showing that the ETF-FDS 
is third order in time. 
2.2. Stab i l i ty  of  the  ETF-FDS 
For homogeneous boundary conditions, the ETF-FDS (2.5) can be written as 
Uj+ 1 = Quj, j = 0,1, 2 , . . . ,  (2.11) 
where the amplification matrix for the difference scheme is given by 
(,+ (,--:,',') . 
Thus, the ETF-FDS will be stable if the eigenvatues of Q are in modulus less than or equal to 
one. Now, it is known that the eigenvalues of J are given by 
87r 
As(J) = 4sin2(0s), 0s - 2(N + 1)' s = l (1)g.  
It follows that the eigenvalues of Q are given (see, e.g., [6]) by 
3 - 4r sin s (0s) 
As(Q) = 3 + 8r sin2(0s) + 8r2 sina(0s) ' s = I(1)N. 
It is easy to see that all the eigenvalues of Q are in modulus less than one, and hence, our present 
ETF-FDS is unconditionally stable for all r > 0. 
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3. NEUMANN BOUNDARY CONDIT IONS 
We next extend the above method for Neumann boundary conditions of the form 
~---~u(O,t)=alu(t)-bl, ~-~u(g,t)=-a2u(t)+b2, (3.1) 
where al, bl, a2, b2 are nonnegative constants. We first consider discretization of the boundary 
condition at x = O. Introducing the 'fictitious' point x - l ,  and replacing the deri.vative by the 
central difference approximation, we have 
1 
2-h [ul(t) - U-l(t)] = aluo(t) - bl. (3.2) 
With the help of (3.2), eliminating u-1 from the discretization equation (2.1) for i = 0, we obtain 
Ouo(t) v 2v ~-~[-(2 + 2hal)uo(t) + 2ul(t)] + -~-bl. (3.3) 
In an analogous manner, for the boundary condition at x = 2, we obtain 
0 V 
[-(2 + 2ha2)uy(t) + 2ug-l(t)] + 2--~b2. (3.4) 
Let 
u( t )  - -  
uo(t) 
UN+l(t) 
A = 
[2 2ha121 21 ] Jil 
. . . . . . . . .  , b ~ " . 
-1  2 -1  
-2  2 + 2h32 lb2j  
Then, the spatial discretizations (3.3),(2.1) for i = I(1)N and (3.4) can be written as 
O v 2v 
u(t) = -~-~Au(t) + -h-b. (3.5) 
Now, applying the extended trapezoidal formula (Appendix, equation (A.3)) to (3.5) gives 
fij+2 = uj - 2rAuj+l + 4rhb, (3.6) 
and 
Uj+ 1 ---- Uj -~- ~(24hb - 5Auj - 8Au/+l + Aflj+2). (3.7) 
Substituting for fij+2 from (3.6) in (3.7), we finally obtain 
I + -~rA + lr2A 2 u j+ l=( I  - l rA  ) uj + lrh(6I +rA)b. (3.8) 
To show stability of the difference scheme (3.8), we first note that with the help of Gerschgorin's 
theorem (see, e.g., [6]), it can be shown that the eigenvalues of the matrix A, denoted by #, are 
all nonnegative. Now, the eigenvalues of the amplification matrix " 
Q*( I+2rA+l r2A2) - I ( I - l rA ) ,  
of the difference scheme (3.8) are given by 
1 - 
)~(Q*) = 1 + (2/3)r# + (1/6)r2# 2" 
It is easy to see that I,k(Q*)I < 1 Vr > 0, and hence, the difference scheme (3.8) is unconditionally 
stable. 
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4. EXTENSION TO A NONL INEAR PROBLEM 
We next consider extension of the above ETF-FDS to the nonlinear problem 
Ou 02u -~ = v~ +g(u), 0<x<e,  t>0,  (4.1) 
subject o the initial condition (1.1a) and the Dirichlet boundary conditions (1.1b). 
Employing central difference for discretizing the spatial derivative, and setting 
g(u(t)) = [g(u(xl, t ) ) , . . . ,  g(u(xg, t))] T, 
we obtain 
0 v 
~-~u(t) = ~-~[c(t) - Ju(t)] + g(u(t)). (4.2) 
Now, the ETF (Appendix, equation (A.3)) applied to (4.2) gives 
fij+2 = uj + 2r(cj+l - Ju j+l)  + 2kg(uj+l), 
r 
Uj+l = uj + ~[5c j  + 8cj+1 - cj+2 - 5Juj - 8Juj+l  + Jfij+2] (4.3) 
k 
+ ~[5g(u j )  + 8g(uj+l) - g(uj+2)]. 
Substituting for fij+2 from (4.2) in (4.3), we finally obtain 1) I+ -~r J+ r2J 2 Uj+l= I -  r J  u j+~[5c j+2(4 I+r J )c j+ l -c j+2]  
(4.4) 
k 
+ ]~[5g(uj) + 2(4I + rZ)g(uj+l) - g(fij+2)]. 
The nonlinear system (4.4) can be solved by Newton's method; see, e.g., [6] for details; note that 
the Jacobian of the system in (4.4) is pentadiagonal. 
5. NUMERICAL  EXPERIMENTS 
We consider three problems to computationally test the present extended trapezoidal formula 
finite-difference scheme ETF-FDS, and compare its performance with the Crank-Nicolson scheme. 
PROBLEM 1. 
with the initial condition 
and the boundary conditions 
0U 02U 
- - -  0<x<2,  t>0,  (5.1) 
Ot Ox 2' 
u(x, 0) = 1, 0 < x < 2, (5.1a) 
u(o, t) = o, u(2, t) = o, t _> o. (5.1b) 
Note the discontinuity in the initial condition and the boundary conditions at both the endpoints. 
The exact solution of the problem is given by 
u(x,t) = 4 1 sin ~x exp - 1r2t . 
2k -  1 
k=l  
We solved the problem (5.1) by our present ETF-FDS with h = 0.05 and k -- 0.05, 0.1, and 0.2, 
and the absolute rrors are shown in Table 1 for x = 1. Clearly, our present ETF-FDS gives 
much better approximations. 
Table 1. Absolute errors at x = 1, t = 1. 
k C-N ETF-FDS 
0.05 2.5(-4) 7.5(-5) 
0.1 1.2(-3) 2.9(-5)  
0.2 1.5(-2) 3.2(--4) 
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In Figure 1, we show the Crank-Nicolson approximations versus the ETF-FDS approximations 
at time t = 1.0 for k = 0.1. As expected, the Crank-Nicolson method produces oscillations in 
the computed solution near both the boundary points; our present ETF-FDS has no oscillations 
and also gives a very accurate approximation for the temperature profile over the whole spatial 
range. 
0.3 
0.2 
0.1 
0.0 
0.0 
÷ 
! 
II 
II 
II 
I I  
I I  
I I  
I 
I 
exact solution 
- ,~ - Crank-Nicolson 
• E 'F-FDS 
I" 
II 
II 
I I 
+ 4 '  
.~+ 1.0 x ÷ 2.0 + 
Figure 1. Problem 1. 
PROBLEM 2. 
with the initial condition 
and the boundary conditions 
Ou 02u 
- - -  0<x<0.5 ,  t>0,  (5 .2 )  Ot Ox 2' 
u(x, 0) = 0, 0 < x < 0.5, (5.2a) 
Ou(0 ,  t) = 0, ~xxU(0.5, t) = 1. (5.2b) 
Note the discontinuity in the initial condition and the boundary condition at the right-hand 
end-point. The exact solution of the problem is given by 
u(x, t) = 2t + ~1 [12x~- 1 7r 22~n=1 (-)nc°s(2nTrx)exp{-4n27c2t}]n2 
We solved the problem (5.2) with N -- 40, k = 0.01 (then r = 64), and in Table 2, .we show 
the maximum absolute rrors for times 0.01, 0.02, 0.03. Clearly, our present method ETF-FDS 
provides much better approximations for these times than the Crank-Nicolson scheme. 
In Figure 2, we show the approximations for time t -- 0.01; while the Crank-Nicolson approx- 
imations are off-the-mark near the right-hand boundary point, our present method ETF-FDS 
provides a good approximation for the solution there. 
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Table 2. Maximum absolute rrors. 
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t 
0.01 
oLo2 
0.03 
C-N ETF-FDS 
2.8(-2) 2.8(-3) 
1.8(-2) 5.0(-5) 
1.6(-2) 2.1(-5) 
0.2 
0.1 
0.1 
0.0 
0.0 
+ 
I 
I 
@e 
exact solution / J  
- -  , , l ,=  - C-N 47  
ETF-FDS 
=. . :== = ~ _ = = = = = ~ . . ~ = e ~ r ~ " =   - . , . 
0.2 x 0.4 
Figure 2. Problem 2. 
PROBLEM 3. 
Ou 02u 
0--t =~x ~ + u2(1 -u) '  0<z<10,  t>0,  (5.3) 
with the initial condition and the Dirichlet boundary conditions consistent with the exact solution 
1 1 
u(z ,  t) = p = --~. 
ep(x -pt )  ~ 1 + V2  
We solved the problem (5.3) with h = 0.5, k = 4.0 (then r = 16), and in Table 3, we show the 
maximum absolute rrors for t = 12, 16, 20. The approximations provided by our present method 
ETF-FDS are better than those provided by the Crank-Nicolson scheme. 
Table 3. Maximum absolute rrors. 
t 
12 
16 
20 
C-N ETF-FDS 
3.5(-2) 1.2(-!) 
1.5(-2) 5.0(-3) 
1.3(--2) 1.8(--3) 
In Figure 3, we show these approximations for time t -- 20; for this problem, while the Crank- 
Nicolson approximations oscillate wide of the exact solution, our present method ETD-FDS 
provides a good approximation for the solution. 
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.+-+-+.+. 1.00u ~" + + . . . .  "~ ~ ~ "'~ ~"  
exact solution 
-- "4" - Crank-Nicolson \ 
t;20.O \ ' 
0.96 " ' ' ' 1 
0.0 4.0 x 8.0 
Figure 3. Problem 3. 
APPENDIX  
For the first-order initial-value problem 
y' = f(t ,  y), y(a) = , ,  (A.1) 
in order to increase the order of the classical trapezoidal formula, while retaining its A-stability, 
Usmani and Agarwal [7] had introduced an extended A-stable trapezoidal formula of order three 
by coupling two linear multistep methods 
Yn+2 ---- 5yn 4yn+l + h(2fn + 4fn+l), 
Yn+, = Yn + h (5fn + 8.fn+l - fn+2). 
1,5 
f,~+2 = f(tn+2, 9,~+2), 
(A.2) 
The Usmani-Agarwal formula (A.2) is A-stable, but not L-stable. Later, Jacques [8] modified 
the Usmani-Agarwal formula to make it L-stable as given in the following: 
Yn+2 = Yn + 2hfn+l,  in+2 = f(tn+2, 9,~+2), 
= +  (sA + 8A+  - 
(A.3) 
A general class of extended one-step methods for the first-order initial-value problem (A.1) has 
been introduced and studied for A-stable and L-stable methods by Chawla et al., [9]. 
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